A non-relativistic quantum theory of matter-photon interaction is formulated, within the framework of the dipole approximation, by employing a canonical transformation to diagonalize the A' term plus the free photon Hamiltonian. The matter-photon interaction is thereby expressed rigorously in a renormalized A·p form. Using this form for the Dicke model of two-level atoms interacting with a single-mode radiation field, we examine a possibility of the occurrence of stationary coherent states which could arise for a photon and atomic polarization as the ground state of the system, deducing a condition for such coherent states. The condition, expressed as an inequality which imposes a stable nontrivial Bloch angle of the uniform atomic polarization, is identical with that for the occurrence of a second order phase transition, and indicates that the non-existence of a second order phase transition pointed out by Rza2ewski et al. io; in fact a consequence of the present treatment of the A'-term renormalization. However, a fulfillment of the condition is recovered, if exchangetype atom-atom interaction is taken into account in the matter system. We also present a method to construct an effective Hamiltonian of atom-atom interaction which is equivalent to the above Dicke model in the thermodynamic limit. § 1. Introduction vVith the advancement of quantum optics, nonlinear optics 1 ) and laser physics, 2 ) much attention has been paid recently on the coherence and cooperative properties of matter-photon systems." In the non-relativistic regime the Hamiltonian of a matter-photon system is generally \vritten as*l (1·1) Here rn and Pu are the coordinate and the momentum, respectively, of the l-th electron bound to the nucleus of an atom at a site Ri by the potential Yi ( {ri}), **l m and ~ e the mass and the charge of the electron, respecti,·ely, and A (ra) is the Coulomb-gauge vector potential evaluated at the site ru. The symbols HP and Ilaa represent the free photon Hamiltonian and the Hamiltonian describing atom-atom interactions, respecti\·ely. Historically, the Hamiltonian for the matterphoton interaction has been treated 111 yarious approximate ways. Broadly speak-* 1 \Vc uoc natural units to put h=c=l. ** 1 The "Y111 bol {r,} denotes a set of the coordinates of electrons bound to the i atom.
§ 1. Introduction vVith the advancement of quantum optics, nonlinear optics 1 ) and laser physics, 2 ) much attention has been paid recently on the coherence and cooperative properties of matter-photon systems." In the non-relativistic regime the Hamiltonian of a matter-photon system is generally \vritten as*l (1·1)
Here rn and Pu are the coordinate and the momentum, respectively, of the l-th electron bound to the nucleus of an atom at a site Ri by the potential Yi ( {ri}), **l m and ~ e the mass and the charge of the electron, respecti,·ely, and A (ra) is the Coulomb-gauge vector potential evaluated at the site ru. The symbols HP and Ilaa represent the free photon Hamiltonian and the Hamiltonian describing atom-atom interactions, respecti\·ely. Historically, the Hamiltonian for the matterphoton interaction has been treated 111 yarious approximate ways. Broadly speak-a result incompatible with the conclusions reached by Hepp and Lieb 9 J and by many others. 10 J~lBJ This work appears to have aroused renewed attention to the role played by the A 2 term which has hitherto been neglected in quantum optics and nonlinear optics. On the other hand, the A" term has long been recognized to play a dominant role in solid-state plasma.m Also, this term was taken into account previously by Agranovich 18 J and by Hopfield 19 J in their theories of linear polaritons.
The purpose of the present paper is: (i) to formulate a quantum theory of matter-photon interaction which contains an attempt to fully take into account the A 2 term in the non-relativistic regime and (ii) to examine the effects of this term and of direct atom-atom interactions for the occurrence of stationary coherent states in matter-photon systems. The formulation is done by employing a canonical transformation to diagonalize the A 2 term plus the free photon Hamiltonian and by using the atomic operator formalism 20 J to take into account the multi-level nature of the atomic spectra. The theory so developed enables us to express the effect of the A 2 term rigorously in a renormalized A ·p form.
In a previous paper the present authors and Sugimoto studied the coherence properties of the Dicke model Hamiltonian to show that under a strong coupling condition the ground state is characterized by the simultaneous appearance of a stationary coherent state of a photon and that due to atomic polarization. 2 n To illustrate the role played by the A" term, the same type of stationary coherent states in the Dicke model Hamiltonian with direct atom-atom interaction as well as the A 2 term included are studied in this paper, without resorting to the use of the rotating-wave approximation to treat the matter-photon interaction. In doing this discussion is given on the condition for the occurrence of such coherent states, and it is shown to be identical with that of a second order phase transition. It
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IS shown that the result obtained by Rzazewski et al. 8 l is a natural outcome of the renormalization of the matter-photon interaction. It is also shown that the appearance o£ the stationary coherent states becomes possible, if there exist exchange-type atom-atom interactions in the matter system.
In the next section the atomic operator formalism and the dipole approximation are employed to treat Eq. (1·1). In § 3 a canonical transformation is applied to diagonalize the A 2 term plus the free photon Hamiltonian. Section 4 is devoted to study of a stationary photon coherent state and that clue to atomic polarization in the model matter-photon system. In § 5 another canonical transformation is introduced by eliminating the matter-photon interaction to recast it in the form of effective atom-atom interactions resulting from virtual exchange of photons. § 2. Atomic operators and dipole approximation
We consider a matter-photon system governed by the Hamiltonian (1·1). We assume for the sake of simplicity that the matter system is composed of idential one-electron atoms, omitting the subscripts l and i attached to the electron operators and the potential Vi, respectively, and that the electron is spin-less. It is also assumed here that the electronic states of the matter system composed of atoms are well described by the Heitler-London scheme, in which the overlapping of atomic wave functions on neighbouring atoms is negligible in the first order approximation. We rewrite Eq. are the Hamiltonian for the atomic system, the free photon field and the matterphoton interaction, respectively. The quantities aki and ati are annihilation and creation operators of a photon of energy {)) (k) specified by the wave vector k and the polarization index j(j=1, 2). Similarly, the atom-atom interaction Hamiltonian Haa, which is assumed to be expressed in the form of multi-pole or exchange-type interaction, is taken to be of the form
Explicit expressions for the L's are obtained once the form of the inter-atomic interaction is specified.
In treating the matter-photon interaction we adopt the dipole approximation, which amounts to evaluating the vector potential A (ri) at the position Ri of the nucleus of the i atom. As is well known, the use of this approximation is justified if the orbital radius of the electron in the atom is much smaller than the relevant transition wavelengths. By the use of this approximation the Hamiltonian Ha~l can be expressed entirely in terms of the photon operators. Thus it is convenient to incorporate Ha~l into the free photon Hamiltonian HP to write**l
*l We will often omit the index i attached to the label a, to avoid the u:'e of complicated symbols whenever appropriate to Jo so. **l We omit any constant factor appearing in the Hamiltonian.
(2· Ba)
In the above equations (2 ·14) are, respectively, the Fourier transform of the atomic number densitv normalized to unity and the plasma frequency, in ·which 1V and n = 1V /1/ are the total number and the average number density, respectively, of the atoms in the matter system. In terms of the a's and the a's the interaction Hamiltonian Ha~l is re\\·ritten as For the sake o£ simplicity, we limit our discussion henceforth to the case rn \vhich all the atoms in the matter system are arranged on periodic lattice sites.
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Here the quantity p(k) in Eqs. (2·13) and (2·14) becomesp(k)=J(k,G)
, where G is the reciprocal lattice vector. We can neglect the optical Umklapp process, thus putting G = 0, since the wavelength of relevant photons is much longer than the lattice constant. In this specific case Eq. (2 ·12) reduces to Similarly, we get for the electric field E (r) and the magnetic field B (r): 
Here J(r) =I:' JiLl (r-Ri) and P (r) =I:' #iLl (r-Ri) (3 ·16) are the current density and the electric polarization density, respectively, at the site r. In Eqs. (3 ·16) the prime on the summation symbol denotes a sum over the atomic sites in a unit volume. The physical meaning of the new photon operators is understood by noting that neglect of the right-hand sides of Eqs. (3 ·14) and (3 ·15) gives the well-known expression for the dispersion of electromagnetic waves in a plasma: 
*J From the results obtained by Hepp and Lieb and by Rzazewski et al., it is expected that inequality (4·11) obtained in this paper is also the condition for the occurrence of the second order phase transion in the Dicke model with the direct atom-atom interaction as well as the A 2 term included. This point will be studied elsewhere.
Here the operator S and the angle rpi are defined by the equation
The canonical transformation here is to introduce a displacement of the photon operators on the one hand and a rotation of the spin operators around the y-axis It is seen that due to the renormalization of the effective atom-atom interaction, which is of infinite range, combined effect of this and the direct atom-atom interaction of exchange type, which is of finite range, can induce the stationary coherent state under the condition (4·10) or (4·11). It is also of interest to note that the nonvanishing of the expectation value of the spin Hamiltonian which has a
S. Takeno and A1. Nagashima (A·8)
In this general case total Hamiltonian of the matter-photon system can be expressed in the form -L; L; (jiaPJa(3 · (Ai,bs + A[,b, +) .
(A·9)
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